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D e a r F r i e n d s of M a t h e m a t i c s : 
I t i s w i t h g r e a t p l e a s u r e t h a t t h e I l l ino is M a t h e m a t i c s a n d S c i e n c e A c a d e m y 
d i s t r i b u t e s t o y o u o u r f irs t IMSA Math Journal, d e s i g n e d t o s e r v e as a 
r e s o u r c e a n d a n i n v i t a t i o n t o m a t h e m a t i c a l i n q u i r y a n d e n g a g e m e n t . 
A s t h e m a t h e m a t i c a l c o m m u n i t y k n o w s o n l y t o o w e l l , o u r n a t i o n is f o c u s e d 
o n e n h a n c i n g t h e a c h i e v e m e n t of o u r s t u d e n t s i n m a t h e m a t i c s a n d sc i ence . 
In h i s m o s t r e c e n t b o o k , The Unschooled Mind, H o w a r d G a r d n e r c i t es , " T h e 
s u r p r i s i n g f r ag i l i t y of m a t h e m a t i c a l u n d e r s t a n d i n g , " i n o u r n a t i o n ' s c h i l d r e n . 
In I l l ino is , I b e l i e v e o u r c o m m i t m e n t h a s b e e n t o d e s i g n m a t h e m a t i c a l 
c o m m u n i t i e s , l e a r n i n g c o m m u n i t i e s i n c l a s s r o o m s a n d s c h o o l s t h a t fo s t e r 
m a t h e m a t i c a l e x p l o r a t i o n , c o n j e c t u r e , a n d log ica l r e a s o n i n g t h a t d e v e l o p 
m a t h e m a t i c a l p o w e r a n d se l f - con f idence , t h a t i m m e r s e s t u d e n t s i n t h e 
b e a u t y , e l e g a n c e , i m a g i n a t i o n , a n d s y m b o l i c l a n g u a g e of m a t h e m a t i c s , a n d 
t h a t e n a b l e s t u d e n t s t o v i e w m a t h e m a t i c s a s a n e s s e n t i a l l a n g u a g e a n d 
d i s c i p l i n e t h r o u g h w h i c h t h e y c a n b e t t e r u n d e r s t a n d t h e r e l a t i o n s h i p s , 
p a t t e r n s , a n d s y m m e t r i e s i n o u r u n i v e r s e . 
T h i s i n a u g u r a l IMSA Math Journal i s a n a t t e m p t t o i n v i t e y o u t o s h a r e t h e 
f a s c i n a t i n g w o r l d of m a t h e m a t i c s a n d m a t h e m a t i c a l t h i n k i n g . A s o u r e d i t o r s 
n o t e , w e i n v i t e y o u r c o m m e n t s a n d y o u r c r e a t i v e i d e a s . P l e a s e j o i n u s a s w e 
s t r i v e t o e n c o u r a g e t h e g r o w t h of m a t h e m a t i c a l c o m m u n i t i e s i n c l a s s r o o m s 
a c r o s s o u r s t a t e a n d t h e n a t i o n . 
/ / c ^ - u i ^ < 
S t e p h a n i e P a c e M a r s h a l l , P h . D . 
E x e c u t i v e D i r e c t o r 
I l l ino is M a t h e m a t i c s a n d S c i e n c e A c a d e m y 
W E L C O M E T O T H E F I R S T I S S U E 
T h e I l l ino is M a t h e m a t i c s a n d Sc ience A c a d e m y is p r o u d t o s h a r e t h e 
f irs t i s s u e of t h e I M S A M a t h J o u r n a l w i t h m a t h e m a t i c s t e a c h e r s a n d 
s t u d e n t s t h r o u g h o u t t h e s t a t e of I l l ino is - a n d b e y o n d . A s t h e e d i t o r s h a v e 
s t a t e d , t h i s j o u r n a l is p r e s e n t e d a s a r e s o u r c e "to o p e n t h e d o o r t o n e w 
i d e a s for e x p l o r a t i o n a n d d i s c o v e r y . " 
W e b e l i e v e t h a t t h e ef fec t ive l e a r n e r of m a t h e m a t i c s is s o m e o n e w h o is 
a c t i v e l y e n g a g e d i n d o i n g m a t h e m a t i c s a n d w h o , t h e r e f o r e , c o n s t r u c t s 
m e a n i n g f r o m h i s o r h e r e x p e r i e n c e s r a t h e r t h a n p a s s i v e l y r e c e i v i n g it . 
W e a l s o b e l i e v e t h a t m a t h e m a t i c s is b o t h i n h e r e n t l y i n t e r e s t i n g a n d fun t o 
d o . B o t h t h e i n t e r e s t a n d t h e fun a r e e n h a n c e d w h e n t h e i n d i v i d u a l g a i n s 
a s e n s e of " m a t h e m a t i c a l p o w e r " b y d i s c o v e r i n g a n d e x t e n d i n g p a t t e r n s , b y 
l o o k i n g for a n d s e e i n g c o n n e c t i o n s a m o n g t h e v a r i o u s b r a n c h e s of 
m a t h e m a t i c a l t h o u g h t , b y a p p l y i n g m a t h e m a t i c a l p r o c e s s e s t o p r o b l e m s in 
o t h e r d i s c i p l i n e s a s w e l l as t o "real life" e x p e r i e n c e s , a n d b y e x p l o r i n g 
" e l e g a n t " o r "c lever" m e t h o d s for s o l v i n g p r o b l e m s . T h e i n t e n t is t o 
h a v e y o u d e v e l o p o r d e e p e n y o u r " m a t h e m a t i c a l h a b i t s of m i n d " as y o u 
r e a d a n d w o r k w i t h t h e i d e a s p r e s e n t e d . 
T h e e d i t o r s of t h e I M S A M J a r e all m e m b e r s of t h e I M S A m a t h e m a t i c s 
facu l ty . S e v e r a l of t h e a r t i c les c o n t a i n e d in t h i s p r e m i e r i s s u e p r e s e n t 
p r o b l e m s o r i d e a s d e v e l o p e d o r e x p a n d e d for u s e in t h e I M S A m a t h 
p r o g r a m . M a n y h a v e b e e n p r e s e n t e d a t p r o f e s s i o n a l m e e t i n g s a n d s t u d e n t 
s e m i n a r s . W e e n c o u r a g e t e a c h e r s a n d s t u d e n t s f r o m o t h e r s c h o o l s t o u s e 
t h e s e i d e a s a n d t o s h a r e t h e i r i n t e r e s t i n g p r o b l e m s a n d e x p l o r a t i o n s w i t h 
u s t h r o u g h s u b m i s s i o n s for f u t u r e i s s u e s . 
Sue 'Eddins 
C u r r i c u l u m T e a m L e a d e r , M a t h e m a t i c s 
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L E T T E R F R O M T H E E D I T O R S : 
W e l c o m e to t h e first i s s u e of t h e I M S A M a t h Journal , a n official p u b l i c a t i o n 
of t h e I l l ino is M a t h e m a t i c s a n d Sc i ence A c a d e m y . T h e j o u r n a l is s u p p o r t e d 
b y I M S A ' s A l l i a n c e office, t h e office t h a t c o o r d i n a t e s t h e d i s s e m i n a t i o n of 
I M S A p r o g a m s a n d s e rv i ce s to o t h e r s c h o o l s i n I l l inois . T h i s f irs t s c h o o l y e a r 
w i l l h a v e t w o i s s u e s , t h e s e c o n d t o b e p u b l i s h e d in F e b r u a r y / M a r c h of 1993. 
T h e p u r p o s e of t h e I M S A M J is t o c o m m u n i c a t e t h r o u g h m a t h e m a t i c s w i t h 
s t u d e n t s a n d t h e i r t e a c h e r s . S o m e of o u r g o a l s i n c l u d e : 
• P u b l i s h i n g s t u d e n t w r i t t e n w o r k . 
• P r e s e n t i n g t e a c h i n g i n s i g h t s , l e s s o n s , p r o b l e m s , c o n n e c t i o n s , etc. 
• S h a r i n g m a t h e m a t i c a l i d e a s , o b s e r v a t i o n s , a p p r o a c h e s , 
e x t e n s i o n s a n d g e n e r a l i z a t i o n s of i n t e r e s t t o s t u d e n t s a n d 
m a t h e m a t i c s e d u c a t o r s . 
• F e a t u r i n g m a t h c o n t e s t - l e v e l p r o b l e m s a n d s o l u t i o n s . 
• D i s c u s s i n g t h e u s e of t e c h n o l o g y , e s p e c i a l l y c a l c u l a t o r s 
a n d c o m p u t e r s , a n d t e c h n o l o g y ' s r o l e in m a t h e m a t i c s l e a r n i n g . 
W e l o o k f o r w a r d t o h e a r i n g f r o m b o t h s t u d e n t s a n d t e a c h e r s a b o u t t h e 
I M S A M J . P l e a s e g i v e u s f e e d b a c k o n w h a t y o u l i k e d , w h a t y o u f o u n d t o b e 
u s e f u l a n d w h a t a d d i t i o n a l i t e m s w o u l d b e h e l p f u l a n d i n t e r e s t i n g to y o u . 
W e w e l c o m e y o u r c o n s t r u c t i v e c r i t i c i sms . T h e l as t p a g e h a s a c o n v e n i e n t 
r e s p o n s e f o r m for y o u to u s e . 
T e a c h e r s a r e e n c o u r a g e d to m a k e c o p i e s of t h e I M S A M J , o r i ts a r t ic les , for 
s t u d e n t s ' u s e p r o v i d e d t h e n a m e of t h e a u t h o r a n d t h e I M S A l o g o a r e 
i n c l u d e d . W e w o u l d l ike to i n c o r p o r a t e s t u d e n t a r t i c les , s o l u t i o n s t o 
p r o p o s e d p r o b l e m s a n d o t h e r w o r k s in t h e n e x t i s sue . See t h e f ron t c o v e r for 
g u i d e l i n e s . A n y s u b m i s s i o n s b e c o m e t h e p r o p e r t y of t h e I M S A M J a n d a r e 
sub jec t t o e d i t i n g a n d a b s t r a c t i o n . N o n e w i l l b e r e t u r n e d , so p l e a s e k e e p a 
c o p y for you r se l f . S u b m i s s i o n s m u s t b e r e c e i v e d a t l eas t 60 d a y s p r i o r t o 
p u b l i c a t i o n in o r d e r to b e c o n s i d e r e d for t h e n e x t i s sue . R e s p o n s e s t o t h i s 
i s s u e s h o u l d b e r e t u r n e d t o u s b y J a n u a r y 1 5 , 1 9 9 3 . Be s u r e t o i n c l u d e y o u r 
full n a m e , aff i la t ion, m a i l i n g a d d r e s s a n d s t a t u s ( t eache r , s t u d e n t , . . .). If y o u 
a r e r e s p o n d i n g t o a p r o b l e m o r p a r t i c u l a r a r t ic le , m a k e speci f ic r e f e r e n c e t o 
t h e t i t le , p a g e a n d i s sue . W e h o p e y o u w i l l f i nd e n j o y a b l e a n d w o r t h w h i l e 
m a t e r i a l s i n o u r p u b l i c a t i o n . 
Titu Andreescu, Charles Mamberg, (jeorge Milauskas 
Ittinois Mathematics and Science Academy 
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M E N T A L G Y M N A S T I C S : F i n e T u n i n g M a t h e m a t i c a l R e a s o n i n g 
b y George Milauskas 
Illinois Mathematics and Science Academy 
A "simple" idea can extend to a variety of connections and can exercise mathemat ica l 
reasoning. Take, for example, mul t ip lying out a perfect square: (a + b) = a + 2ab + b . 
Rewrite the result as: (a + b) 2 = a 2 + b 2 + 2 a»b 
We can use this s imple beg inn ing to solve certain prob lems easily, in an interest ing way. 
Example 1: Given two n u m b e r s whose s u m is 8 and whose p roduc t is 15. 
Find the s u m of their squares. 
Solution: We are given two numbers , a and b , so that: a + b = 8 and a*b = 15. 
The quest ion does not ask u s to find the actual va lues of the numbers ; 
just to find the s u m of their squares. Solving individual ly for a a n d b is 
not necessary. 
8 15 
1 I 
Notice that: (a + b) 2 = a 2 + b 2 + 2 a »b 
64 a 2 + b 2 + 3 0 
so a + b = 34 The s u m of their squares is 34. 
25 
Example 2: The s u m of two n u m b e r s is 2. The s u m of their reciprocals is -jr. 
Find the p roduc t of the numbers . 
So lu t ion : This time: V. r, 1 1 25 a + b = 2 and - + r = -5-
a b 8 
Let's "play" wi th the s u m of the reciprocals. 
Get a c o m m o n denomina to r and combine the fractions: 
b + a 
A _l_ M 
b 
1 1 
r + ti = 
1 b 1 a 
a b b a 
25 
8 
2 
a*b 
a»b 
2 5 a » b = 16 a»b = 
16 
25 
Given a rectangle a cm by b cm 
a + b is the s u m of the dimensions. 
a » b is the area of the rectangle. 
The d iagonal is: y a + b 
A n u n u s u a l geometr ic re la t ionship arises 
from the perfect square: 
(a + b) 2 = a 2 + b 2 + 
(sum of d imensions) 2 = (diagonal)2 + 
b 
a s ' 
2 a » b 
twice the area. 
r ^ l M S A 
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Knowing a few factoring and simplifying facts will allow some algebraic calisthenics. 
(a + b)2 = a2 + b2 + 2a»b (a + b)3= a3 + 3a2b + 3ab2 + b3 
(a-b)2 = a2 + b2-2ab a3 + b3 = (a + b)(a2 - ab + b2) 
a 2 - b 2 =(a-b)(a + b) a 3 - b 3 = (a - b)(a2 + ab + b2) 
Try the following problems based on the preceding examples a n d formulas. 
1. The s u m of two number s is 10. Their p roduc t is 30. Find the s u m of their reciprocals. 
1 , 1 
2. If: X + x = 3, Find: X2 + - j 
3. The s u m of 2 number s is 10. Their product is 20. Find the s u m of their cubes. 
4. The produc t of two number s is 10 and the s u m of their squares is 24. Find the 
difference be tween the numbers . 
2 2 
5. x - y = 4 2 Find x + y and then solve for x and y. 
x - y = 7 
6. Given: a 3 + b 3 = 50 a n d a + b = 10 Find a«b. 
7. Given a rectangular box with d imensions a x b x c. Find a geometric relat ionship 
de termined by mul t ip lying out: (a + b + c)2. 
8. The per imeter of a rectangle is 40 and the diagonal is ^190. 
a) Find the area. b) Explain w h y there is no solution for 
per imeter 40 wi th d iagonal yj\30 . 
9. f x + - " ] + 5 f x + - 1 - 6 = 0 . Find x 2 + - ^ 
2 b 
10. It is well k n o w n that the s u m of the roots of ax + b x + c = 0 i s - ~ a n d their p roduc t 
c 
is - . Without finding the actual roots, find the s u m of the squares of the roots of: 
2x2 - 5x - 4 = 0. 
11. Given the s u m of all 12 edges of a rectangular box is 80 and the diagonal is 14, find 
the total surface area. 
5 
12. sin x + cos x = T . Find sin 2x. 
13. logaX + logxa = 4. F m d ( l o g a x ) 2 + v ^ y 
14. Suppose sin x + cos x = a. Under wha t condit ions on a, will sin 2x be positive? &> 
Answers on page 
r ^ l M S A 
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T R I A N G U L A R N U M B E R S A R E E V E R Y W H E R E ! 
b y Char les H a m b e r g 
Illinois Mathematics and Science Academy 
n ( n + 1) 
The sequence 1, 3, 6 , 1 0 , 1 5 , . . . , ~ / • • • s h o w s u p in m a n y places of 
ma themat i c s . To the Greeks these n u m b e r s w e r e k n o w n as t he t r i angu l a r n u m b e r s 
d u e to the associa t ion w i t h the t r i angu la r a r r a y of dots . 
• • 
• • • 
• • • • 
• • 
• • • • 
• • • • • 
1 = 1 3 = 1 + 2 6 = 1 + 2 + 3 10 = 1 + 2 + 3 + 4 15 = 1 + 2 + 3 + 4 + 5 
W e obse rve that the t r i angu la r n u m b e r s can also be assoc ia ted w i t h the s u m s of 
consecu t ive n a t u r a l n u m b e r s b e g i n n i n g w i t h 1. 
If w e l e t T = 1 + 2 + 3 + . . . + n w e can find a closed form for T . 
n n 
For conven ience TQ is def ined to be 0. 
T = 1 + 2 + 3 + . . . + (n - 1) + n 
n 
T = n + ( n - l ) + . . . + 2 + l 
n 
2 T = (n + 1) + (n + 1) + . . . + (n + 1) + (n + 1) = n ( n + 1) 
T = 
n 
v 
n - g r o u p i n g s of n + 1. 
n (n + 1) 
W e shal l n o w look at severa l example s of h o w t r i angu la r n u m b e r s a p p e a r in 
m a t h e m a t i c a l se t t ings . 
Example 1: 
C o m p l e t e t h e table : 
A B B B D A B D 
number of points 
number of line 
segments 
1 
0 
2 
1 
3 
3 
4 
6 
5 
10 
6 7 n 
r ^ l M S A 
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E x a m p l e 2: 
/ 
C o m p l e t e the table: 
A / & - • ^ 
number of rays 
number of angles 
1 
0 
2 
1 
3 
3 
4 
6 
5 6 n 
E x a m p l e 3: 
(a)2 = a 2 
(a + b ) 2 = a 2 + b 2 + 2ab 
(a + b + c)2 = a 2 + b 2 + c 2 + 2ab + 2ac + 2bc 
(a + b + c + d) 2 = 
(a + b + c + d + e) 2 = 
( a 1 + a 2 + . . . + a n ) 2 = 
n u m b e r of t e r m s n u m b e r of n o n - s q u a r e t e rms 
1 0 
3 1 
6 3 
E x a m p l e 4: C o m p l e t e t h e table: 
0 d iagona l s 2 d iagona ls 
5 d iagona ls 
E x a m p l e 5: 
C o m p l e t e the char t : 
9 d iagona ls 
n u m b e r of s ides 
of p o l y g o n 
3 
4 
5 
6 
7 
8 
• 
• 
• 
n 
n u m b e r of 
d i agona l s 
0 = 1 - 1 = 0 
2 = 3 - 1 = 1 + 1 
5 = 6 - 1 = 2 + 3 
9 = 1 0 - 1 = 3 + 6 
/ X 
X - $ 4 
n u m b e r of s t ra igh t l ines number of s t ra igh t angles 
1 0 = 4.0 
2 4 = 4.1 
3 12 = 4.3 
4 24 = 4.6 
5 = 
6 = 
n = 
r ^ l M S A 
Explora t ion 1: 
(a) Find the s u m of 1 + 2 + 3 + . . . + 500 
(b) Find the s u m of 100 + 101 + 102 + . . . + 500 
(c) Find the s u m of 2 + 4 + 6 + 8 + . . . + 2n 
(d) Find the s u m of 1 + 3 + 5 + . . . + (2n - 1) 
(e) Find the s u m of 1 + 3 + 5 + . . . + 9 9 
(f) Find the s u m of 47 + 49 + 51 + . . . + 99 
Explora t ion 2: D e t e r m i n e the n u m b e r of rec tangles in each checkerboard , 
a) 
• 
b) 
Explora t ion 3: 
(a) C o u n t t he rec tangles in each: n
 r l~T~l , i m , I I I I 1 ,1 I I | I I 
(b) C o u n t the t r iangles in each: A . A . 
(c) C o u n t the t r iangles in each: 
Explora t ion 4: 
F ind the s u m of all the n u m b e r s in the t r i angu la r a r r a y of n u m b e r s : 
1 
2 3 
4 5 6 
• • • 
37 38 • • • 44 45 £a 
r ^ l M S A 
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C a l c u l a t o r C u r i o s i t i e s : O r d e r of O p e r a t i o n s , D o m a i n , a n d I n v e r s e F u n c t i o n s 
by George Milauskas 
Illinois Mathematics and Science Academy 
The calculator has changed the w a y in wh ich w e learn a n d d o mathemat ics . It also 
changes the w a y w e think. Calculators can give u s n e w insights into mathemat ica l ideas 
a n d a l low u s to see th ings that o therwise remain h idden . Calculators also present u s wi th 
m a n y curiosit ies that arise d u e to ideosyncracies ( "undocumen ted features") in their design. 
Try each of the following on a g raph ing calculator: 
Enter each of t h e m exactly as shown , including V, ( ) , * [times] a n d A [exponent] . 
Are the resul ts correct? Are they w h a t you expected? H o w does order of 
operations p l ay a role in the resul ts? 
1. Calculate: a. 1 + 2 + 3 
1 -*• (2 + 3) 
c. 2 + 3 
d. - 2 4 
- l e. ( - 8 ) ( 1 / 3 ) g. (-8)<5/3> 
f. ( -8) ( 5 ) h. ( - 8 ) ( 6 / 2 ) 
2. Graph : 
3. Graph : 
a. y = 0 2 x 
b. y = 0 2 * x 
a. y = 3 * 2 x 
b. y = 3 A 2 * x 
c. y = 0 x + 4 
d. y = 0 (x + 4) 
c. y = (3 A 2) * x 
d. y = 3A(2x) 
4. G r a p h : 
5. Graph : 
a. y = cos 2 * x 
b. y = cos 2 x 
a. y = log 2 x 
b. y = log 2 * x 
c. y = 9 0 2 
d. y = 9 0 2 * x 
c. y = log (2 x) 
d. y = ( l o g 2 ) x 
6. Graph : y = log x a n d y = 2 log x. Are the g raphs the same? 
Should they be the same? Explain w h a t happens . 
7. Pau l tried to graph: y = cos x us ing the s t anda rd zoom on a 
TI-81 calculator. H e w a s surpr i sed to obtain the g r a p h 
s h o w n at the right. Pau l k n e w that this hor izonta l l ine 
w a s no t the cosine g r a p h that he expected. W h a t d i d h e d o 
w r o n g ? Try it on y o u r calculator. 
Calcula tors can he lp you to see th ings in a different way . They can also force you to 
clarify y o u r u n d e r s t a n d i n g of mathemat ica l concepts. Take for example the concept of 
i nve r se funct ion: 
The inverse, f - 1 , of the function, f, is def ined such that the fol lowing equalities: 
f -1(f(x)) = f(f_ 1(x)) = x are satisfied for every sui table x 
r ^ l M S A 
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Using a g r a p h i n g calculator w e shou ld be able to verify this fact. 
That is, w e shou ld be able to graph: y = f - 1 (f (x)) a n d y = f ( f - 1 (x)) . Each of the g r a p h s 
shou ld be the s a m e subse t of the g r a p h of y = x, which is a s t raight line at 45° to the 
posi t ive x-axis. 
Ex: 1. Graph : y = x a n d y = V * / to 
recall w h a t the original 
funct ions look like. 
N o w , let 's g r aph : 
y = V x 2 a n d y 2 = (Vx )2 
W h y are the g r a p h s different? O n e g r a p h is a subset of y = x a n d the o ther is not. W h y ? 
2 
Recall that the "suitable" domain for which y = x has an inverse is the restricted domain of non-
negative real numbers. The graphs are identical for x > 0. 
Notice that the graphs of y = "\ x and y = I x I are the same, so \ x = I x I . 
Ex: 2. N o w w e shall t ry to graph: y = log (10x) a n d y = 10 ( loS x ) 
Observe that bo th g r a p h s are subsets of y = x, bu t they a re not the same. 
Here again w e find that the inverse has a restricted domain : x > 0. 
Explain w h y s o m e g r a p h s inc lude m o r e than the restr icted d o m a i n al lows. 
• See if you can explain the resul t w h e n w e obtain the following g raphs : 
y = s in( sin (x) ) a n d y ? = s in" ( s i n ( x ) ) 
Try to de t e rmine the endpo in t s of the s egmen t s in these g raphs . 
See if you can predict the g raphs of: y = f (f(x)) a n d y = f (f (x)) for the fol lowing 
functions. Then try the g r a p h s on y o u r calculator. 
a) f(x) = cos(x) b) f(x) = t an (x ) c) f(x) = x 3 d) f(x) = 0» 
r ^ l M S A 
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P A P E ' S T H E O R E M S 
b y G e o r g e M i l a u s k a s 
Illinois Mathematics and Science Academy 
G e o m e t r y is a s o u r c e of o p p o r t u n i t y for s t u d e n t s to e x p l o r e m a t h e m a t i c s o n the i r 
o w n . D a n P a p e , ( IMSA C l a s s of 1991), d i d a project in G e o m e t r y , w h i c h h e 
s u b s e q u e n t l y e x p a n d e d . D a n w a s i n t r i g u e d b y a p r o b l e m ; "find t h e l e n g t h of t he s i d e of 
a r e g u l a r h e x a g o n w h o s e area is n u m e r i c a l l y e q u a l to i ts pe r ime te r " . La te r h e p u r s u e d 
t h e m o r e g e n e r a l p r o b l e m of f i nd ing t h e s i d e of a r e g u l a r n - g o n w h o s e a rea is 
n u m e r i c a l l y e q u a l t o its p e r i m e t e r , s i d e = 4 t a n —— . T h e i n t e r e s t i n g r e su l t w a s no t , 
h o w e v e r , th i s f o r m u l a . D a n o b s e r v e d a r e l a t i o n s h i p t h a t d o e s n o t s e e m to b e w i d e l y 
k n o w n . 
The area and perimeter of a regular polygon are equal 
whenever the radius of the inscribed circle is 2. 
Since t h e p roo f is "tr ivial" D a n d i d n o t s ee t h e s igni f icance of r e l a t i o n s h i p . 
1 
P e r i m e t e r = s*n a n d Area = « a*p 
1 
s*n = ~ a # p 
1 \ \ y s = l e n g t h of s i d e 
s»n = 2 a»s»n, so a = 2 \ . > / s a = a p o t h e m ( in - rad ius ) 
n = n u m b e r of s ides 
This is true regardless of the value of n. 
I t o ld D a n t h a t I h a d n e v e r n o t i c e d th is " invar iance" before . Th i s s t i m u l a t e d 
h i m to e x t e n d t h e r e l a t i o n s h i p to p o l y h e d r a : 
T h e su r face a rea of a r e g u l a r p o l y h e d r o n is e q u a l to its / / r—-< 
v o l u m e w h e n e v e r t h e r a d i u s of t h e i n sc r ibed s p h e r e is 3. / / I / ) 
f t X / * 
V o l u m e = Sur face A r e a / I s^ff 
1
 / 7 \ S / J 
o r • F ' n = F*n / / \ ^ PC!^'— 
so: r = 3 1/ \ \ / 
T h i s m e t h o d of f i n d i n g t h e v o l u m e fu r the r o p e n e d t h e \ ^ y ^ ~ \ \ 
d o o r for a m o r e g e n e r a l resu l t : ^ — 
D a n e x t e n d e d h i s r e su l t s to a l l p o l y g o n s t ha t a r e c i r c u m s c r i b e d a b o u t a circle a n d to all 
p o l y h e d r a c i r c u m s c r i b e d a b o u t a s p h e r e . 
r ^ l M S A 
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C i r c u m s c r i b e d P o l y g o n : 
A r e a 
i l l 1 
2 ^ + 2 ^ + 2 ^ + . . .
 + 2 - r s n 
= P e r i m e t e r 
S i + s 2 + s 3 + . . . + S n 
2 - r ( S l + s 2 + s 3 + . . . + s n ) = S l + S 2 + S3 + " - + S n 
r = 2 
If a p o l y h e d r o n is c i r c u m s c r i b e d a b o u t a s p h e r e t h e n t h e v o l u m e is n u m e r i c a l l y 
e q u a l to t h e su r f ace a r ea , if a n d o n l y if, t h e r a d i u s of t h e circle is 2. 
C i r c u m s c r i b e d P o l y h e d r o n : 
V o l u m e = Sur face A r e a 
i l l 1 
3 r F i + 3 r F 2 + 3 r F 3 + - - - + 3 r F r 
F + F + F + 
1 2 3 
+ F_ 
3 r ( F i + F 2 + F 3 + . . . + F n ) F , + F o + F o + 
1 2 3 
+ F 
n 
r = 3 
If a p o l y h e d r o n is c i r c u m s c r i b e d a b o u t a s p h e r e t h e n t h e v o l u m e i s n u m e r i c a l l y 
e q u a l to t he su r face a rea , if a n d o n l y if, t h e r a d i u s of t h e s p h e r e is 3. 
W h a t ' s N e x t ? A s a s e n i o r , D a n e x t e n d e d h i s con jec tu re t o n - s p a c e . 
Excerpts taken from papers of Dan Pape, IMSA Alumni. 
Q u e s t i o n s for fu r the r e x p l o r a t i o n : 
1. U n d e r w h a t c o n d i t i o n s : 
a) Wil l t h e p e r i m e t e r of a p o l y g o n c i r c u m s c r i b e d a b o u t a circle b e 
n u m e r i c a l l y g r e a t e r t h a n t h e a r e a ? 
b) Wil l t h e su r face a rea of a c i r c u m s c r i b e d p o l y h e d r o n b e 
n u m e r i c a l l y g r e a t e r t h a n t h e v o l u m e ? 
2. Is t h e a rea n u m e r i c a l l y e q u a l to t h e p e r i m e t e r for a n y o t h e r p o l y g o n s b e s i d e s t h o s e 
c i r c u m s c r i b e d a b o u t a circle? If so , u n d e r w h a t c o n d i t i o n s ? 
Star t w i t h a s i m p l e r case: 
A n x b y y r e c t a n g l e h a s "radii" 
a a n d b. 
D o e s t h e r e exis t a r e c t a n g l e (non -
s q u a r e ) w h o s e a r ea a n d p e r i m e t e r 
a r e n u m e r i c a l l y e q u a l ? W h a t 
d o w e k n o w a b o u t t h e set of all 
s u c h r ec t ang l e s? 
r ^ l M S A 
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F o r t h e C a l c u l u s S t u d e n t 
a n i n t e r e s t i n g r e l a t e d p h e n o m e n o n c a n b e o b s e r v e d . 
T h e v o l u m e of a s p h e r e is: V = ~ ft r 
d V
 2 
T h e d e r i v a t i v e , ~T- = 4 TC r w h i c h is t h e sur face a rea . 
T h e a rea of a circle is: A = K r 
d A 
T h e d e r i v a t i v e , - j - = 2 7t r , w h i c h is t h e 
c i r c u m f e r e n c e , ( p e r i m e t e r ) 
W h a t w o u l d h a p p e n w i t h a c u b e ? 
, d V o 
T h e v o l u m e of a c u b e is: V = s , b u t t he d e r i v a t i v e is ~r— = 3s , w h i c h is N O T t h e 
sur face a rea . 
j d A 
T h e a rea of a s q u a r e is A = s , b u t t h e d e r i v a t i v e is -5— = 2s. N O T t h e p e r i m e t e r . 
If w e reflect b a c k to t h e p r e v i o u s ar t ic le a n d u s e t h e s a m e pe r spec t ive : Let 's l ook a t t he 
a p o t h e m of t h e c u b e a n d s q u a r e . T h e a p o t h e m is t h e r a d i u s of t h e i n sc r ibed s p h e r e or 
circle a n d t h u s r e s e m b l e s t h e c i r c l e / s p h e r e e x a m p l e . 
W r i t e t h e p e r i m e t e r , a rea a n d v o l u m e in t e r m s of t h e i n - r a d i u s . 
7 d A 
A r e a = 4 r . T h e de r iva t ive : ~r~ = 8r, w h i c h is t h e p e r i m e t e r . 
We must just take the derivative with respect to the proper variable, r. 
T h e c u b e p r o b l e m n o w b e c o m e s : 
r> o d V j 
V o l u m e = (2r) = 8 r J So t h e d e r i v a t i v e is -j- = 24r , w h i c h is t h e d r 
su r face a rea . 
If y o u u s e t h e a p p r o p r i a t e va r iab le ; In a so l id , t h e d e r i v a t i v e 
of v o l u m e is su r f ace a rea a n d in t h e p l a n e , t h e d e r i v a t i v e of a rea is 
p e r i m e t e r . 
See w h a t o t h e r c o n n e c t i o n s y o u c a n f ind ! <& 
4 ^ 7 2 r 
r ^ l M S A 
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b y T i t u A n d r e e s c u 
Illinois Mathematics and Science Academy 
T h e f o l l o w i n g p r o b l e m s h a v e s o m e t h i n g i n c o m m o n : e a c h c a n b e s o l v e d i n l ess 
t h a n t w o m i n u t e s . G i v e y o u r s e l f t e n m i n u t e s for al l of t h e m . 
1° Fill o u t t h e b l a n k s , g i v e n t h a t t h e s u m of t h e n u m b e r s i n a n y t h r e e a d j a c e n t 
s p o t s is e q u a l t o 10: 
1 2 
2° F i n d t h e g r e a t e s t m u l t i p l e of 8 w i t h all t h e d i g i t s d i f f e ren t . 
3° D e t e r m i n e t h e p r i m e n u m b e r s x, y , z s u c h t h a t : 
2x + 3 y + 4 z = 2 2 2 . 
4° C o m p u t e : (1 - t a n 1°)(1 - t a n 2°) • . . . • (1 - t a n 8 9 ° ) . 
L e t M b e a m o b i l e p o i n t o n h y p o t h e n u s e BC 
of t h e r i g h t t r i a n g l e A B C a n d P , Q t h e feet 
of t h e p e r p e n d i c u l a r s e g m e n t s f r o m M t o A B 
a n d A C . F o r w h a t p o s i t i o n of M d o e s t h e 
l e n g t h of P Q r e a c h i t s m i n i m u m ? 
If t i m e p a s s e s t o o q u i c k l y , y o u m a y n e e d s o m e h e l p - t a k e a g l a n c e o n t h e n e x t p a g e . 
F ina l a n s w e r s a r e l i s t e d o n t h e b o t t o m of p a g e 36 
r ^ l M S A 
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H i n t s : 
1 
| 3 
1 
2 
10 
2° T h e g r e a t e s t n u m b e r w i t h al l t h e d i g i t s d i f f e r en t i s 9876543210 
( u n f o r t u n a t e l y , i t i s n o t d i v i s i b l e b y 8). 
3° T h e n u m b e r s 2x, 4z , a n d 222 a r e e v e n , t h e r e f o r e 3 y h a s t o b e e v e n . 
4° E x a m i n e t h e fac to r i n t h e m i d d l e . 
5° D r a w A M . 
If y o u a r e sti l l i n t r o u b l e , t a k e a br ief l o o k a t t h e f u r t h e r t i p s o n p a g e 35 
M A T H M A N 
M a t h m a n o n v a c a t i o n . 
r ^ l M S A 
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C O N N E C T I O N S I N V O L V I N G G E O M E T R Y A N D I N E Q U A L I T I E S 
b y C h a r l e s H a m b e r g & G e o r g e M i l a u s k a s 
Illinois Mathematics and Science Academy 
M a k i n g c o n n e c t i o n s is c o n s i d e r e d to b e a h i g h p r io r i t y in t h e N C T M S T A N D A R D S . 
Geome t r i c i dea s a n d inequa l i t i e s can b e l inked . T r y t he se p r o b l e m s in y o u r classes. Be 
s u r e to t ake i n to a c c o u n t all res t r ic t ions . 
1) 
Find all r es t r i c t ions o n x. -^ \£-
A ^ x + Q ^ B C 
2) a) F ind all i n t ege r s x s o t h a t 
AABC exists . 
b) F ind all rea l v a l u e s of x s o ™ 
tha t AABC exists. 
^ 
* ir 
3) 
Find all (x,y) so t ha t APQR 
exists. 
4) 
D e t e r m i n e all x v a l u e s so t h a t t he 
p e r i m e t e r of r ec t ang le A B C D is less 
t h a n 6. 
logx 
5) G i v e n p o i n t s A(0,0), B(5,3) a n d C(0,y). F ind all v a l u e s of y s o t ha t 
0 ° < Z C B A < 9 0 ° . 
6) F ind all p a i r s (x,y) so tha t t he 
s h a d e d area b e t w e e n t h e 2 
g i v e n s q u a r e s is e q u a l t o 16. 
• •••••• 
•••••••• 
•••••••• 
•••••••A 
• ••/•••>-* 
•••••A J ////•/, //••••, ////// 
• •••••. 
••••••J //////// 
•••••••/ 
•^••••/ |>AA/A/. 
•••••/ 
/•> 
. y •••••••> 
7) If x a n d y a r e r a n d o m l y d e t e r m i n e d so tha t 1 < x < 3 a n d 4 < y < 7, t h e n w h a t is 
t he p robab i l i ty t ha t I x - y I < 4 ? 
r ^ l M S A 
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U s i n g P a r a l l e l A x e s T o D i s c o v e r M a t h e m a t i c a l I n t e r c o n n e c t i o n s 
by Charles Hamberg 
Illinois Mathematics and Science Academy 
In beginning algebra classes s tudents graph "points" us ing coordinates. Standard ways 
of represent ing points in 1, 2, and 3-dimensional space are il lustrated. 
< I I I I I I • > «<-
{ 5 } 
. ( 4 , 2 ) 
M M > * x 
( 2, 3, 4 ) 
{ ( 4 , 2 ) } 
1 - space 2 - space 
i — h - 1 — > y 
It is interesting in 2-space to think of the axes as be ing parallel. In the d iagram below, the 
ordered pair (4, 6) is g raphed on parallel axes. Observe that the "point" (4,6) is actually 
displayed as a line. 
We observe that the "point" (4, 6) is actually displayed as a line. 
There are m a n y discoveries that s tudents can make by graphing functions on parallel axes. 
Consider the graph of y = 2x - 5 on both rectangular and parallel axes. 
A 
X 
0 
2 
5 
y 
- 5 
- 1 
5 
Table of Values Rectangular Axes Parallel Axes 
r ^ l M S A 
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On rectangular axes the ordered pairs represent points which de te rmine a line. On 
parallel axes the ordered pairs represent lines which intersect at a single point . We will 
call this point the "slope point" of the function y = 2x - 5. 
We can s h o w b y us ing similar triangles that 
A P A P A P 1 2 3 g - p = "jr-p = TT~P = 2 where 2 is the slope of 
1 2 3 
the function y = 2x - 5. 
Exploration #1: 
Graph the following on parallel axes and observe the location of the slope point wi th 
respect to the x and y axes. 
1. 2 
y = 3 ~ x + 2 
2. y
 = -4 X + i 
3
-
 1
 , 
y = _ 2 x + 2 
4. y = 5 
5. x = 4 
6. y = x + 3 
Exploration #2: 
a) Graph the functions y = 2x + 3 and y = - x + 6 on the same set of parallel axes, 
the slope points P and P . Label 
b) Draw the line P P intersecting the x and y axes at x and y . 
f y = 2x + 3 
c) Solve the system j _ _ , . What d o you observe? 
Exploration #3: 
Repeat explorat ion #2 for functions: 
i) y = 2x + 5 and y = 2x - 7 
ii) y = x + 3 and y = 2x - 4 
You are encouraged to explore other aspects of graphing us ing parallel axes. In future 
issues w e will expand u p o n this topic us ing s tudent discoveries. £» 
r ^ I M S A 
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R E C U R S I O N O N A C A L C U L A T O R 
b y G e o r g e M i l a u s k a s 
Illinois Mathematics and Science Academy 
It is useful to h a v e t h e A N S key o n the TI - 81 calcula tor . 
C O M P U T E : 
a) 1 + 1 
d) 1 + 
b) 1 + 1 + 1 
e) 1 + -
c) 1 + 1 
1 + 1 + 1 
a + 1 + 
1 + 1 + 1 1 + 
1 + 1 + 
T h e final case is a n inf ini te "con t inued fraction". If y o u t y p e 1 + 1 
a n d r e p e a t e d l y hi t t h e 
E n t e r to ge t 2 t h e n 
t y p e 1 + 1 + 
to ca lcula te 1 + 
A N S E n t e r E n t e r key , t he ca lcu la tor wi l l c o n t i n u e 
t h e p r e v i o u s A N S ' 
T h e d e c i m a l wi l l se t t le d o w n (converge) to 
a specia l n u m b e r . T ry it! 
S tar t w i t h o t h e r "seed n u m b e r s " a n d t h e n 
Seed # = 2 
I In y 
d o l + 
1 
A N S en te r 
New ANS = 1 + 
ANS 
O u l l ANS 
t 
Keep pressing 
Enter 
To a lgebra ica l ly a r r ive at t h e exact a n s w e r w e can o b s e r v e tha t : 
1 1 
n = l + - — - « ! + -
( - n b ) 
s o n ^ - n - l = 0 = > 
1 ± V 5 1 + V 5 ~ 
n = — 2 — n *s pos i t ive so n = — ~ — ~ 1-618034 
Th is n u m b e r is a l so k n o w n as t h e Golden Ratio : 
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Geomet r ica l ly , a r e c t ang l e is "golden" if, w h e n a s q u a r e is cu t off, 
t h e r e m a i n i n g r e c t a n g l e i s s imi l a r t o t h e o r ig ina l r ec tang le . 
n 1 j 
In t he f igure s h o w n , T = 7 = > n - n - l = 0 
1
 n - 1 
1 + V 5 
so n = (The Golden Ratio). 
Try to e v a l u a t e t h e f o l l o w i n g " c o n t i n u e d expres s ions" o n 
y o u r ca lcula tor . 
1) 1 + 
1 + 
1 + 1 + 
2) V i + V i W i + V i T £D 
n 
1 
1 
1 
n - 1 
1 
1 
" P S E U D O " M A T H E M A T I C S 
(Foibles a n d Fal lacies C a n Be F u n !) 
A s h o r t cu t in r e d u c i n g fract ions: 
J £ A . i £ = - L 
JA 4 ' W " 5 
It 's so easy , w e d o n ' t n e e d r ad ica l s a n y m o r e : 
Vfl + 1 = (a + l ) 1 / 2 = f l 1 / 2 + 1 / 2 a + 1. 
A t r i g o n o m e t r i c i den t i t y ? 
for all x, s i A x
 = 6 
u 
In class example : 
1 
l i m - i r 
x ^ 8 | x - 8 J 
H o m e w o r k : 
1 
l i m 
x - » 5 | x - 5 | 
= oi 
W h o sa id in teg ra l s w e r e difficult? 
i-x2 + x 3 
x
4
 + l 
dx 
x3 x4 
3" + T 
5" + x 
+ C 
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" A D D I N G " G R A P H S B Y A V E R A G I N G A N D D O U B L I N G 
by C h a r l e s H a m b e r g 
Illinois Mathematics and Science Academy 
T h e d i a g r a m b e l o w s h o w s t h e g r a p h s of y = f(x), y = g(x) , a n d y = ' vx) + 9 l x ) 
( the a r i t h m e t i c a v e r a g e of f a n d g . ) 
C l o s e i n s p e c t i o n r evea l s t h a t for a g i v e n x c o m m o n to t h e d o m a i n s of f a n d g , M is 
t h e m i d p o i n t of s e g m e n t A B . 
E x a m p l e 1: 
Ske t ch t h e a r i t h m e t i c a v e r a g e of f(x) = e x a n d g ( x ) = e " x . " 
f(x) = e* 
f ( x )
 t g ( x ) (Recall t h a t e X + g g = c o s h x) 
2 
E x a m p l e 2: 
Ske tch t h e a r i t h m e t i c a v e r a g e of f(x) = 2 s in x a n d g ( x ) = 3 cos 2x for x € [ 0,2Tf ] 
r ^ l M S A 
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S u p p o s e w e m u l t i p l y t h e a r i t h m e t i c a v e r a g e of f a n d g b y 2. 
G r a p h i c a l l y , w e h a v e : 
f + g = 2 s i n x + 3 cos 2x 
2 si n x + 3 cos 2 x 
T h u s , w e see t ha t tw ice t h e a r i t h m e t i c a v e r a g e is t h e t h e s u m of t h e t w o func t ions 
f a n d g . 
W e n o w h a v e a n a l t e r n a t i v e m e t h o d to o r d i n a t e a d d i t i o n for a d d i n g t h e g r a p h s of t w o 
func t ions . W e s u m m a r i z e : 
To g r a p h i c a l l y a d d t w o func t ions f a n d g . 
Ske tch t h e g r a p h s of f a n d g for 
c o m m o n d o m a i n , a < x < b. 
Ske tch t h e a r i t h m e t i c a v e r a g e of 
f a n d g . 
• D o u b l e t h e a v e r a g e func t ion . 
«•«-• 
*•-• 
1 
a 
2 [ J L ± J L ] = r + f l - -
2 ," 
^ 
y 
^' 
: ^' 
— H " f + o ^ — — 
i „ - - " 2 
•* — 
— " - j - " -
"" " ^ v 
N 
~^-^^ 
i... i 
b 
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T e a c h e r s i n c o r p o r a t i n g t h e TI-81 i n to the i r t e a c h i n g c o u l d u s e t h e TI-81 to 
v i sua l l y d e m o n s t r a t e t h e p r o c e s s b y d o i n g t h e fo l lowing: 
Se t
 y i = f ( x ) 
y 2 = g(x) 
y3 = ( f ( x ) + g ( x ) ) / 2 
y4 = 2 * ( ( f ( x ) + g ( x ) ) / 2 ) 
G r a p h t h e funct ions : y , y , y a n d y . 
E x p l o r a t i o n 1: 
D r a w t h e g r a p h s of t h e a r i t h m e t i c a v e r a g e of f a n d g a n d t h e s u m f + g of f a n d g 
for t h e fo l lowing : 
a) f ( x ) = 3 c o s 2 x a n d g (x ) = - 4 s i n x , 0 < x < 2TT. 
b) f(x) = 2X - 3 a n d g (x ) = 2 ~ x - 3, - 1 < x < 4. 
c) f (x) = [x] a n d g (x ) = x, - 5 < x < 5. 
d) f(x) = | x | a n d g ( x ) = - x , - 5 < x < 5. 
e) f(x) = x a n d g (x ) = 2 cos x, 0 < x < 2TT. 
f) f(x) = s i n x + cos x a n d g ( x ) = s in x - cos x, 0 < x < 2TT. 
E x p l o r a t i o n 2: 
See if y o u c a n a p p l y t h e t e c h n i q u e in a p o l a r s y s t e m to o b t a i n r = f ( 0 ) + g ( 0 ) , 
0 < 0 < 2TT, w h e r e 
a) r = f ( 0 ) = 3 a n d r = g ( 0 ) = 3 - 2 s i n 0 . 
b) r = f ( 0 ) = 1 + s in 0 a n d r = g ( 0 ) = 1 - s i n 0 . 
c) r = s i n 0 a n d r = cos 0 . 
2 2 
d) r = s in 0 a n d r = cos 0 . 
e) r = 3 a n d r = sec 0 . 
f) r = - 2 a n d r = s in 0 . £D 
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"Linear Funct ionsARestr ic ted DomainsAlnf in i te G e o m e t r i c S e r i e s - » I n t e r c o n n e c t i o n s " 
by Charles Hamberg 
Dlinois Mathematics and Science Academy 
Consider the typical exercises below that students are called upon to do. 
1. Graph the function f(x) = 2x + 5 for -1 < x < 1. 
q 
2. Solve for q in terms of p if 12 = - 3 . 
M K
 1 - p 
Solution: 
1) 
- 1 
2) 
1 - p 
p = - 1 2 q + 12 
Exercises such as these are common in beginning and advanced algebra courses. 
Students routinely solve the exercises yet rarely have an opportunity to see the interconnections of 
the concepts involved in the exercises. The STANDARDS call for students to make connections in 
their math studies and, as teachers of math, we need to provide such opportunities for our students. 
In this note we shall consider a problem that relates the two exercises identified earlier. 
Consider the following question: 
Is it possible for every real number to be a sum for an infinite geometric series? 
Solution: 
Let k be any real number. Is it possible for k to be the limit for an infinite 
geometric series? Are there values (r, a) so that: 
k = a + ar + ar^ + + ar n _ 1 + where -1 < r < 1? 
Recall that k = a + ar + a r + + ar n _ 1 + 
k = 
1 - r 
where - 1 < r < 1. Thus, 
1 - r 
r ^ l M S A 
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If we solve for a in terms of r and k we have : 
a = -k r + k ( - l < r < l ) 
Thus, we can graph a = -k r + k, - 1 < r < 1, to determine the ordered pairs (r, a) which will 
enable a + ar + a r + . . . + ar n + 1 + . . . to be equal to k. 
We will now consider an example. 
Example: 
Find all (r, a) so that a + a r + a r ^ + . . . + ar + . . . = 3 n - l 
If k = 3, then a = -3r + 3, -1 < r < 1 
> - r 
The open segment AB comes from solving 
3 = a + ar + a r 2 + . . . a r n a + 
3 = 
1 - r 
for -1 < r < 1. 
1 - r 
a = -3r + 3 for - 1 < r < 1. 
Every ordered pair, (r, a) satisfying a = - r + 3, ( -1 < r < 1) thus determines an infinite geometric 
series whose sum is 3. 
r ^ l M S A 
The previous example can serve as a basis for further exploration. 
Let's look at the graphs of the open segments when the sums are -3, 0, and 2. 
27 
> r ^ -
- O 
-1 
- o 
1 
- > - r ^ - > - r 
If sum = k = - 3 
a = 3r - 3 
If sum = k = 0 
a = Or + 0 
a = 0 
If sum = k = 2 
a = -2r + 2 
We make the following observations: 
1. the y-intercept is the value of the k (the sum). 
2. the y-intercept is the opposite value of the slope of the open segment. 
3. the length of the open segment is 2"v k + 1 . 
We offer the following for those individuals having access to computer software which plots 
surfaces: 
The function: a = - k r + k (-1 < r < 1) can be expressed as a function a = f (k, r) where r is 
restricted to -1 < r < 1. What will the graphs of a = f (k, r) be like as k and r are allowed to vary? 
As teachers we have many opportunities to redefine our teaching. In this note we have 
attempted to show one such way of redefining what we do within our teaching practice. &> 
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^ B t T T ^ k i n g i At Telescoping S u m s (J 
by Titu Andreescu 
Illinois Mathematics and Science Academy 
Sums as 
k £ [ F ( k ) - F ( k - l ) ] o r £ ( V l - a . ) 
i=\ 
are called " t e l e scop i c " or "col lapsi ing " sums, because most of the terms cancel out. 
For instance, if n = 19, 
19 
£ [F(k) - F(k -1)] = F(l) - F(0) + F(2) - F(l) + F(3) - F(2) + ... + F(19) - F(18) = F(19) - F(0), 
k = l 
because F(l) and -F( l ) , F(2) and - F ( 2 ) , . . . , F(18) and -F(18) cancel out, and for n = 92 
92 
X ( a ; + i " a ; ) = v a i + a - a + a - a + . . . + a„ - a„ = a„„ - a , , 3 2 4 3 93 92 93 1 
k = l 
because a„ and - a „ , a„ and - a „ , . . . , a^, and -a„„ collapse. 2 2 3 3 92 92 r 
The Telescoping Sums Theorem (or Fundamental Theorem of Summation) 
states that: 
n 
X [F(k) - F(k - 1)] = F(n) - F(0) 
k = l 
or, respectively, 
n 
X ( a ^ " a ' ) = a n + l " 31 
i = l 
By choosing F(k) or a . appropriately one can compute several impor tant sums. 
n 
For example, let's take into consideration: V k . 
k = l 
Using the identity k 2 - (k - 1) = 2k - 1 and the Telescoping Sums Theorem for F(k) 
n n n n 
l ^ w e g e t : n 2 - 0 2 = £ [k2 - (k - l )2] = £ (2k - 1) = 2 £ k - £ l , 
k = l k = l k = l k = l 
r ^ l M S A 
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w h e n c e 
n 
~ v , o X"* n(n + 1) 
2 £ k - n = n 2 , i.e. > k = ' (1) 
k = 1
 k = l 
Similarly, us ing the identity (t + l ) 3 - t 3 = 3 i 2 + 3i + 1 and the Telescoping Sums 
Theorem for a .= t we obtain: 
t 
n 
(n + l ) 3 - 1 = \ [<* + l ) 3 - i 3 ] = X (3 i 2 + 3 i + 1) = 
t = l 
n n n n o / i \ 
3 l i 2 + 3 2 i + Z , f f l s I , 2 + « » ± U t l l # 
t'=l t = l i = l t = l 
i.e. 
n 
3 X ' 2 = (n + D 3 -
3n(n + l ) 
l - ~ - n : 
t = l 
(n + l ) 
n
 c 
•V .0 n v n 
n 3n (n + l ) 2 - T - l 
+ l ) (2n + l ) 
= (n + l ) 
2n 2 + n 
i=\ 
n 
In many situations where we are asked to evaluate y b , w e will try to express 
k = l 
b as a - a in order to apply the Telescoping Sums Theorem. This will give us: 
n n 
k = l k = l 
n 
For example one can compute Y k!»k by wri t ing b = k! • k as k!«(k + l - l ) = 
k = l 
k ! « ( k + l ) - k! = (k + l ) ! - k! = a, - a, where a, = k!. Hence 
k+1 k k 
n n 
X k!-k = X K k + V- ~ k ! l = (n + D! - l . 
k = l k = l 
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In the same w a y 
n n
 n 
V * 1 1 _ XT 7 1 XT' 1 (2k + 
2^i 4k2 - l " Z u <2k - D<2k • 1) ~ Za 2 (2k 
k = l 
n 
( 2 k - l ) ( + ) 
k = l k = 1 
n 
n 
1) - (2k - 1) 
( k - l ) ( 2 k + l ) 
2 J . 2 k - l 2k + l 2 7 , 2k + l 2 k - l ~ 2 X ( a k + l " a k ) 
k = l V ' k = l V J 
= - 2 ( a - a ) by the Telescoping Sums Theorem 
n 
Therefore, ^ ^ - j - = - \ ( ^ y - l ) = ^ - y 
k = l 
'
h e r e a k = 2 l V 
k = l 
More generally, if x , x , . . . , x is an arithmetical sequence, w e m a y compute in a 
n 
similar way: > / j x, x. , f ^ k k + 1 
k = l 
Let d be the common difference. Then x, - x, = d , k = 1, 2 , . . . , n - 1, so: 
k +1 k 
« n „ 
n
 n _ _ ^ , _ n 
x ^ i _ y i
 m d i \ x k + i x k _ i x r v i i 
/ J xi x i •. ^ W d * x x d x y x x d / x x 
^—^ k k + 1 i ~ i k k + 1 - * " • k k + 1 - ^ - A k k +1 
k = l k _ 1 k = l k = l n 
- * z 
1 u ( « ) l 
x k + l x k 
k = l 
1 x i + n d - X i 1 n d 
( 1 1> 
- + — 
V n+l \) 
1 A , A! 
_ n + l 1 
d ' x x 
1 n + 1 
n 
d x x , d x x , x x 
l n + 1 l n + 1 l n + 1 
For x = 2k - 1 we find the previous result: 
n 
I 
k = l 
n 
( 2 k - l ) ( 2 k + l ) l « ( l + 2 . n ) 
(*) We appl ied the Telescoping Sums Theorem for F(k) = -
k + l 
r ^ l M S A 
For an arithmetical sequence x , x , . . . , x , the sum 
3 1 
n 
2 u xkxk+: 
k = l 
k+lXk+2 
can also be computed b y us ing the Telescoping Sums Theorem 
If d is the common difference, then 
Xk + 2 " Xk = 2d' k = 1'2'"""'n' 
so 
1 _ 1 2d _ 1 *k+2 Ak _ 1 
x, x, x, _ 2d * x, x, x, _ 2d * x, x, x, „ 2d k k+1 k+2 k k+1 k+2 k k+1 k+2 
f 1 1 \ 
^ V k + 1 Xk+lXk+2j 
therefore 
n n 
Z r f X k X k + l X k + 2 M Z ^ 
k = l k = l 
Xk+lXk+2 
1 \ 
x .x k k+iy 
( * * ) 
J _ ( 1 
2d X X _ X x 
V n+l n+2 1 2 
•t - x X + x x 1 
1 2 n+l n+2 
2d ' x XX X „ 
1 2 n+l n+2 
2d 
X l ( X l + d ) + ( x i + n d ) [ X i + < n + 1 ) d ] 
X X X X _ 
1 2 n+l n+2 
•, 2nX ; ld + n ( n + l ) d 2 1 n [ 2 x : + ( n + l ) d ] , x j + x n + 2 >> 
2d * x x x x _ 2 " x x x x „ 2 1 2 n+l n+2 1 2 n+l n+2 x x x x _ ^ 1 2 n+l n+2 
n / l 1 
^ V l h Xn+2 
(**) We appl ied the Telescoping Sums Theorem for F(k) = 
x,x. , k k+1 
H 3 M S A 
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Using the Telescoping Sums Theorem one can solve more intricate problems as: 
1 1 1 c o s l ° 
Prove: ?rz TT + T~Z ^ + cosO°cosl° c o s l ° c o s 2 ° cos 88°cos89° s i n 2 l ° 
(21st United States of America Mathematical Olympiad) 
Indeed, mult iplying the relation above the sin 1 ° w e get: 
s in 1 s in 1 s i n 1 cos 1 
-. + . . . + 
or 
i.e. 
cos 0°cos 1 ' """ cos 1 °cos 2° T • ' ' T cos 88° cos 89° " s in 1 ° 
s in (1°- 0°) sin (2°- 1°) s in (89°- 88°) _ 
cos 1° cos 0° cos 2 ° cos 1° ' cos 89° cos 88° ~ 
89 
2 ^ cos k° cos (k - 1)° 
k = l 
s in [k° - ( k - 1 ) 0 ] 
= tan 89° 
which by the identity: 
sin(a - b) 
cos a cos b 
is 
= tan a - tan b 
89 
I [tan k° - tan(k - 1)°] = tan 89° - tan 0° 
k = l 
i.e Telescopic Sums Theorem for F(k) = tan k° and n = 89. 
In conclusion, I invite the readers to compute the following sums: 
n n n 
a) I k 3 , I k 4 , I k 5 . 
k = l k = l k = l 
n 
b) I k!«(k2 + k + l ) . 
k = l 
n 
c) X T ' i > where x , x . . . . , x is an arithmetical sequence. / j x x x x l ' 2' n H Jtmmmd k k + 1 k + 2 k + 3 
k = l 
1 1 1 
A) + : + + s in 1° s in 2° s in 2° s in 3° '" sin 178° s in 179° -
r ^ l M S A 
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E X E R C I S I N G W I T H T H E M A T H E M A T I C A L I N D U C T I O N P R I N C I P L E 
by Titu Andreescu 
Illinois Mathematics and Science Academy 
In m y Analysis IV classes, as an appl icat ion of the Mathemat ica l Induc t ion Principle, 
the s tuden t s w e r e invi ted to find pa t t e rns for the s u m s 
S (m) = l m + 2 m + . . . + n m , 
n 
m = 1, 2, 3, a n d to va l ida te t h e m by mathemat ica l induct ion . 
Whi le d o i n g this they d iscovered the ident i ty S (3) = ( S ( 1 A . 
O n e s t u d e n t t ru ly l iked this relation: 
l 3 + 2 3 + . . . + n 3 = (1 + 2 + . . . + n) 2 (*) 
a n d asked m e if there w e r e a n y o the r posi t ive in teger sequences (a \ w h i c h satisfy a 
co r r e spond ing relat ion. 
It t u rned out that the only sequence of posi t ive n u m b e r s a , a , . . . , a , . . . 
(not necessari ly integer!) for which the equal i ty 
k2 
a + a + . . . + a i_ + a . + . . . + a i =(a+an   \ (**) 
n \ 1 2 n / 
held for every posi t ive in teger n w a s the original sequence, g iven by a = n. 
To justify this, w e will u s e the Mathemat i ca l Induc t ion Pr inc ip le (strong form): 
J/ P(n) is a statement concerning the natural number n, and n is a fixed 
non-negative integer, to prove that P(n) is true for all n > n it is sufficient 
to show that: (i) P(nn) IS irue-
(ii) For every k>nQ,if P(nQ + 1),P(nQ + 2),.. . , P(k) are 
true, then P(k + 1) is true. 
3 2 
L e t P ( n ) b e a = n, n > l . P ( l ) is evident because a = a a n d a * 0 lead to a = 1 . 
n 1 1 1 1 
A s s u m i n g P(/) is t rue for 2 < / < k, w e h a v e a = 1, a = 2 , . . . , a = k a n d us ing (*+), 
which is valid for every n (hence t rue for n = k + 1), w e g e t : 
1 + 2 + . . . + k + a = ( l + 2 + . . . + k + a, )2-
k + 1 \ k + 1 / 
r ^ l M S A 
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Expand ing the r ight h a n d s ide b y the formula (A + B)2 = A 2 + 2AB + B2 , w h e r e 
A = l + 2 + . . . + k, B = a a n d cancelling out l 3 + 2 3 + . . . + k 3 a n d (1 + 2 + . . . + k)2 , w e 
3 2 
obtain : a, , = 2(1 + 2 + . . . + k) a, + a, . k + 1 k+1 k+1 
k(k + 1) 
Replacing 1 + 2 + . . . + k by ~ a n d d iv id ing by a * 0 
w e acquire 
2 
a k + i = k ( k + l ) + a k + 1 , 
wh ich is a quadra t i c in a . This equat ion has - k a n d k + 1 as solut ions. Since a is 
posi t ive w e d e d u c e that a = k + 1, therefore, P(k + 1) is also t rue a n d , by the 
Mathemat ica l Induc t ion Principle , a = n for every posi t ive integer n . 
n 
I d i scussed this resul t wi th the math le tes in one of m y A d v a n c e d Prob lem Solving 
sessions a n d I chal lenged t h e m to prove , m o r e general ly, tha t 
If a , a , . . . , a a re dist inct posi t ive integers, then 
3 3 3
 v 2 
a + a„ + . . . + a 
1 2 
^ f a , + a o + • • • + a ^ n V 1 2 n / 
It seemed difficult for t h e m to p rove this inequal i ty bu t they came u p wi th some 
good ideas. The fol lowing solut ion is also based on the Mathemat ica l Induc t ion 
Pr inciple (weak form): 
If P(n) is an assertion about the natural number n, and n is a fixed 
non-negative integer, to prove that P(n) is true for all n > n it suffices 
to show that: (i) P(n) is true for n = n .. 
(ii) For every k > n , if P(k) is true , then P(k + 1) is 
true. 
O n e can a s s u m e (wi thout loss of generali ty) that a < a < . . . < a , so this will become 
3 2 
pa r t of the hypothesis . For n = 1 the inequal i ty is obvious , because a > a for a > 1. 
3 3 3 , O 
Let's s u p p o s e it is t rue for n = k, i.e. a + a + . . . a > t a + a + . . . + a J (1) 
a n d accord ing to o u r p r e s u m p t i o n f a < a < . . . f let a be a n in teger grea ter than a . 
r ^ I M S A 
Then a, , - 1 > a, ( 0 ) so a, > a, + 1, therefore; 
k + 1 k v k + 1 k 
( \ + r 1 X + i a k ( \ + 1 ) 
2 " 2 
whence , mul t ip ly ing by 2 • a , w e obtain: 
*, •, ~
 a
, , V, , - 2 ( a , + a„ + . . . + a, }a, , k+1 k + l / k + 1 \ 1 2 k / k + 1 
= l + 2 + . . . + a ^ ^ a + a + k 1 2 
3 5 
+
 V 
i.e. k+1 
> 2 ( a : + a 2 + . . . + a k K + l + a. 
A d d i n g u p (1) a n d (2) w e get: 
3 3 3 3 
a + a + . . . + a + a 
1 2 k k + 1 H \ 
k+1 
+ a„ + . . . + a, + a, 2 k k 
(2) 
+ 1 ) 2 -
so ou r inequal i ty is t rue for n = k + 1, a n d our induct ive proof is comple ted . 
From (Q) a n d (QQ) w e infer that the equali ty holds , if a n d only if, for every 
posi t ive integer k the equali t ies a - 1 = a a n d j 1, 2 , . . . , a } = {a , a , . . . , a J occur 
i.e. a = k, k = 1, 2 , . . . n , the s ame conclusion as in the first p roblem, fo 
S " (further t ips) 
continuation from page 16 
1 1 
9 
2 1 ° 
10 
2° A na tu ra l n u m b e r is divisible by 8 if a n d only if the n u m b e r formed by its last 
th ree digi ts is a mul t ip le of 8. 
3° The only p r i m e for which 3y is even is y = 2. W e get 2x + 4z = 222 - 6, w h e n c e 
x + 2z = 108. 
4° 1 - tan 45° = 0. 
5° The quadr i la te ra l A P M Q has three r ight angles, so it is a rectangle. 
If you d idn ' t find the answers , you m a y be hav ing a b a d day . Don ' t wor ry , go to 
the next page. 
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W//"!\_,„ 5^H.5 __.»» (f inal h i n t s a n d a n s w e r s ) 
10 10 10 
1 11 1 2 
10
 1 0 10 
2° Y o u h a v e t o a n a l y z e t h e n u m b e r s : 012, 0 2 1 , 1 0 2 , 1 2 0 , a n d 201 ( t he n u m b e r 210 
w a s a l r e a d y p r o b e d ) . A m o n g t h e m t h e r e is j u s t o n e m u l t i p l e of 8 
( t h e n u m b e r 120). 
3° T h e n u m b e r s 2z a n d 108 a r e e v e n , t h e r e f o r e x h a s t o b e e v e n . T h e o n l y e v e n 
p r i m e x is x = 2, so 2x = 108 - 2, w h e n c e z = 5 3 ( a p r i m e n u m b e r ) . 
4° A n y p r o d u c t w h i c h c o n t a i n s t h e fac tor 0 is e q u a l t o 0. 
5 ° T h e d i a g o n a l s of a r e c t a n g l e h a v e e q u a l l e n g t h s , t h e r e f o r e P Q is m i n i m u m if 
a n d o n l y if A M is m i n i m u m . 
A n s w e r s 
1° 1 7 2 1 7 2 1 7 2 
2° 9876543120. 
3° x = 2, y = 2, z = 53. 
4° 0 . 
5° T h e foot of t h e a l t i t u d e f r o m A . £» 
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V I S U A L P A T T E R N I N G 
b y C h a r l e s H a m b e r g 
Illinois Mathematics and Science Academy 
B e l o w is a v i s u a l s e q u e n c e t h a t m o t i v a t e s t h e r e l a t i o n : 
(1 + 2 + 3 + . . . + n ) 2 = l 3 + 2 3 + 3 3 + . . . + n 3 
d e s c r i b e d i n t h e a r t i c l e "Exercising With The Math Induction Principle". 
X 
1 
1 
1 0 ) 2 = r 
X 
1 
2 
1 
1 
2 
2 
2 
4 
(1 + 2 ) 2 = 1 + (2 + 4 + 2) 
= 1 + 8 
= 1 3 + 2 3 
X 
1 
2 
3 
1 
1 
2 
3 
2 
2 
4 
6 
3 
3 
6 
9 
(1 + 2 + 3 ) 2 = 1 + (2 + 4 + 2) + (3 + 6 + 9 + 6 + 3) 
= 1 + 8 + 2 7 
= 1 3 + 2 3 + 3 3 . 
X 
1 
2 
3 
• 
n 
1 
1 
2 
3 
• 
n 
2 
2 
4 
6 
• 
2n 
3 . 
3 
6 
9 
• 
3n 
. . n 
. . . n 
. . . 2 n 
. . . 3 n 
: : : 
. . . n 2 
( 1 + 2 + 3 + . . . + n ) 2 = 1 + ( 2 + 4 + 2) + (3 + 6 + 9 + 6 + 3) + 
. . . + (n + 2n + 3n + . . + n 2 + . . . + 3n + 2n + n) 
= 1 + 8 + 27 + . . . + n 3 . Ma 
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S T U D E N T W R I T T E N G A M E S 
b y C h a r l e s L. H a m b e r g 
Illinois Mathematics and Science Academy 
S t u d e n t s a r e i n t r i g u e d b y g a m e s . B e c a u s e of th is , g a m e s c a n b e effect ively u s e d in 
t h e c l a s s r o o m to s t i m u l a t e s t u d e n t i n t e r e s t a n d i n v o l v e m e n t w i t h s t u d e n t l e a r n i n g 
u l t i m a t e l y t a k i n g p lace . S ince g a m e s d o i n t r i g u e s t u d e n t s , t e a c h e r s c o n t i n u a l l y a r e 
a l e r t for n e w g a m e s to i n c o r p o r a t e i n t o t h e c l a s s r o o m l e s sons . 
O n e of t h e r i c h e s t s o u r c e s of c l a s s r o o m g a m e s c a n c o m e f r o m t h e s t u d e n t s 
t h e m s e l v e s . I n t h e D I S C R E T E M A T H E M A T I C S c lass a t I M S A , s t u d e n t s a r e r e q u i r e d 
to c r e a t e t he i r o w n g a m e s , w r i t e t h e r u l e s for t h e g a m e s , a n d d e v e l o p s t r a t eg i e s for 
p l a y i n g t h e g a m e s . G a m e s m u s t r e l a t e to t he c o n t e n t s t u d i e d i n t h e c o u r s e . 
I n t h i s br ief n o t e w e wi l l l ook a t a g a m e c r e a t e d b y a n I M S A s t u d e n t , Jennifer 
P a u k . Jenni fe r n a m e d h e r g a m e P A S C A L ' S P A T H . T h e g a m e is p l a y e d o n the 1st t en 
r o w s of Pasca l ' s T r i a n g l e . 
1 
1 1 
1 2 1 
1 3 3 1 
1 4 6 4 1 
1 5 10 10 5 1 
1 6 15 2 0 15 6 1 
1 7 21 3 5 3 5 21 7 1 
1 8 2 8 5 6 7 0 5 6 2 8 8 1 
1 9 3 6 8 4 126 126 8 4 3 6 9 1 
T h e first p l a y e r b e g i n s a t a n o d d n u m b e r o n t h e t r i ang le . T h e s e c o n d p l a y e r t h e n 
d r a w s a l ine s e g m e n t to a n ad jacen t o d d n u m b e r . For e x a m p l e , s u p p o s e t ha t p l a y e r #1 
b e g i n s a t 21. P l a y e r # 2 t h e n c a n d r a w a l ine s e g m e n t to ad j acen t o d d n u m b e r 7 , 1 5 , o r 
35. P l a y e r s a l t e r n a t e m o v e s un t i l t he l as t pos s ib l e s e g m e n t is d r a w n . O n l y o n e 
s e g m e n t c a n jo in t w o ad j acen t o d d n u m b e r s . T h e p e r s o n w h o d r a w s t h e las t pos s ib l e 
s e g m e n t is t h e " loser" of t h e g a m e . 
A s a m p l e g a m e is s h o w n : 
< 2 \ 
1 * 3 - > 3 \ 
1 4 6 4 1 
1 5 10 10 5 ^ 1 
1 6 15 20 1? 6 1 
1 7 2 1 - » 3 5 - > 3 5 ^ 21 7 1 
1 8 28 56 70 56 28 8 1 
1 9 36 84 126 126 84 36 9 1 
r ^ l M S A 
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T h e p l a y e r w h o m a d e t h e l as t p o s s i b l e m o v e f r o m "3" to "1" is t h e lose r of t h i s 
g a m e . 
T h e r e a d e r is e n c o u r a g e d to a n a l y z e t h e g a m e b y a s k i n g ( a n d a n s w e r i n g ) q u e s t i o n s 
s u c h as t he fo l lowing : 
1. D o e s t h e first p e r s o n h a v e a n a d v a n t a g e ? 
2. H o w d o e s t h e s i ze of t h e " p l a y i n g b o a r d " affect t h e o u t c o m e of t h e g a m e ? 
3. C a n a sk i l l ed p e r s o n p l a y i n g first a l w a y s w i n t h e g a m e ? 
4. Is is p o s s i b l e to p l a y a g a m e w h e r e all t h e o d d n u m b e r s a r e i n c l u d e d i n t h e 
p a t h ? 
5. W h a t is t h e f e w e s t n u m b e r of s e g m e n t s t h a t n e e d to b e d r a w n for a g a m e ? 
6. W h a t is t h e g r e a t e s t n u m b e r of s e g m e n t s t h a t c a n b e d r a w n for a g a m e ? 
7. D o e s t he s y m m e t r y of t h e b o a r d affect t h e o u t c o m e of t h e g a m e ? 
S t u d e n t s a r e i n v i t e d to s u b m i t p a p e r s to t h e e d i t o r s b a s e d u p o n the i r 
i n v e s t i g a t i o n s . <&> 
A n s w e r s to M e n t a l 
1) 
2) 
3) 
4) 
5) 
6) 
2 
5 
7 
400 
2 o r -2 
1 
6, 6 2 , 
2 
31 3 
1 
" 2 
G y m n a s t i c s ( P a g e 5) 
8) a) 105 
b) a + b = 20, a b = 135, not possible 
9) 34 
10) 10.25 
11) 204 
1 2 )
 16 
13) 14 
7) (sum of dimensions) = (diagonal) + surface area 14) _ V 2 ^ a < - l o r 
1 < a < V 2 
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P R O P O S E D P R O B L E M S 
b y Ti tu A n d r e e s c u 
Illinois Mathematics and Science Academy 
Th i s s ec t ion c o n t a i n s p r o b l e m s tha t a d d r e s s h i g h schoo l s t u d e n t s ( and the i r 
teachers!) . Bo th a r e c h a l l e n g e d to e i the r s e n d in s o l u t i o n s t o t h e p u b l i s h e d p r o b l e m s or 
to s u b m i t n e w p r o b l e m s . 
P - l . So lve t h e e q u a t i o n : 
( x + 3 ) 1 / 2 - (x + 2 ) 1 / 3 = l . 
P-2. T h e rea l n u m b e r s a, b , c, d , b e l o n g i n g to t h e in te rva l [0,1], a r e d i s p l a y e d in str ict ly 
i n c r e a s i n g o r d e r . F ind t h e m i n i m u m pos s ib l e v a l u e of: 
1 1 1 
+ , + 
a - b b - c c - d 
P-3. So lve t h e s y s t e m : 
x + y = \ 4 z - 1 
z + x = > / 4 y - 1 
y + z = "V4x - 1 
P-4. Let I u ] r e p r e s e n t t h e c o m b i n a t i o n s of m objects t a k e n k at a t ime . P r o v e tha t if n 
is o d d , t h e n t h e s equence : 
n - l 
c : K2J K 2 J 
c o n t a i n s a n o d d n u m b e r of o d d n u m b e r s . 
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P-5. D e m o n s t r a t e tha t if a a n d b a r e acu te angles , t h e n 
W a V 
. s i n b , + 
^ c o s 2 a ^ 
. c o s b . = 1 
if a n d on ly if a = b . 
P-6. T h e d i a g o n a l s A C a n d BD of t he q u a d r i l a t e r a l A B C D in tersec t a t P. P r o v e t ha t if 
t he s u m of t he a r ea s of t r i ang les ABP a n d C D P e q u a l s t he s u m of t h e a r ea s of 
t r i ang les B C P a n d D A P t h e n at leas t o n e of t h e d i a g o n a l s A C a n d B D h a s P as i ts 
m i d p o i n t . 
F u n P r o b l e m 
P-7. In se r t i ng s y m b o l s o t h e r t h a n d ig i t s a n d le t ters , t r a n s f o r m 
2 = 0 
i n to a t r u e equa l i ty . 
So lu t ions to t h e s e p r o b l e m s s h o u l d b e sen t at t h e a d d r e s s g i v e n o n t h e i n s i d e front 
cover . In o r d e r to b e c o n s i d e r e d for pub l i ca t i on t hey m u s t be r ece ived be fo re 
J a n u a r y 15 ,1993 . A p u b l i s h a b l e so lu t i on s h o u l d be , first of all, correct a n d comple t e . 
E legan t a n d i n g e n i o u s s o l u t i o n s a r e p re fe r r ed . 
Extens ions , gene ra l i za t i ons , a n d a n y o t h e r c o m m e n t s a r e w e l c o m e . P lease t y p e or 
p r i n t c lear ly a n d d o n ' t forget t o i n c l u d e y o u r n a m e a n d m a i l i n g a d d r e s s w i t h e a c h 
s o l v e d p r o b l e m . 
P r o p o s e d p r o b l e m s s h o u l d b e or ig ina l a n d b e a c c o m p a n i e d b y c o m p l e t e so lu t ions . 
P lease i n c l u d e a p p r o p r i a t e re fe rence a n d a n y o t h e r m a t e r i a l s w h i c h m a y b e useful for t h e 
edi tor . Since s u b m i s s i o n s wil l n o t b e r e t u r n e d , k e e p a c o p y for yourse l f , fa 
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M A T H E M A T I C A L C H A L L E N G E S ( ( « = * _ , J 
I M S A Y O U N G T A L E N T P U R S U I T \ 4 X l £ s 2 ^ 
b y T i t u A n d r e e s c u 
Illinois Mathematics and Science Academy 
T h i s c o l u m n is i n t e n d e d for g i f t ed s t u d e n t s w i t h a s t r o n g m o t i v a t i o n for 
m a t h e m a t i c s . I t p r o v i d e s a n exce l l en t o p p o r t u n i t y for i d e n t i f y i n g y o u n g s t u d e n t s 
w h o h a v e t h e a b i l i t y a n d t h e d e s i r e t o s o l v e i n t r i c a t e m a t h e m a t i c a l p r o b l e m s . 
I M S A T a l e n t P u r s u i t ( I M S A Y T P ) e n c o u r a g e s m a t h f r i e n d s f r o m al l o v e r t h e 
s t a t e ( a n d b e y o n d ) to s o l v e t h e p r o b l e m s p u b l i s h e d u n d e r i t s l ogo . T h e y a r e w r i t t e n 
w i t h t h e i n t e n t i o n t o c h a l l e n g e e x p e r i e n c e d m a t h l e t e s , a n d a t t h e s a m e t i m e t o 
p e r m i t y o u n g e r s t u d e n t s t o t a c k l e ( s o m e of) t h e m succes s fu l ly . T h e y w i l l l e a r n m o r e 
m a t h e m a t i c s b y a t t e m p t i n g t o s o l v e t h e p r o b l e m s , a n d b y r e a d i n g t h e s o l u t i o n s 
p u b l i s h e d in t h e f o l l o w i n g i s sue . I n a d d i t i o n , t h e y w i l l h a v e t h e o p p o r t u n i t y t o 
s u b m i t t h e i r o w n s o l u t i o n s for ( p o s s i b l e ) p u b l i c a t i o n . 
S t u d e n t s a r e e x p e c t e d t o w r i t e e s s a y - t y p e s o l u t i o n s . C o m p l e t e n e s s , c l a r i ty a n d 
e l e g a n c e w i l l b e h i g h l y a p p r e c i a t e d . S o l u t i o n s t o t h e p r o b l e m s s h o u l d b e s u b m i t t e d 
t o t h e a d d r e s s g i v e n b e l o w . E a c h s u b m i s s i o n m u s t i n c l u d e s o l u t i o n s to a t l eas t 2 of 
t h e 5 p r o b l e m s , a c o v e r s h e e t c o n t a i n i n g t h e s t u d e n t ' s n a m e , t h e i r h o m e a d d r e s s , 
g r a d e l eve l , h i g h s c h o o l , a n d m a t h t eache r ( s ) . I n o r d e r to b e c o n s i d e r e d for 
p u b l i c a t i o n , t h e s o l u t i o n s t o t h e p r o b l e m s p u b l i s h e d in t h i s i s s u e m u s t b e r e c e i v e d 
b y J a n u a r y 1 5 , 1 9 9 3 . P r i z e s w i l l b e a w a r d e d for t h e m o s t i m a g i n a t i v e , c r e a t i v e a n d 
w e l l w r i t t e n s o l u t i o n s . 
T e a c h e r s a r e s t r o n g l y ca l l ed u p o n to p o p u l a r i z e t h i s T a l e n t P u r s u i t a n d t o 
s t i m u l a t e s t u d e n t s t o p a r t i c i p a t e in it. 
I M S A M a t h e m a t i c s J o u r n a l 
I l l i no i s M a t h e m a t i c s a n d S c i e n c e A c a d e m y 
1500 W . S u l l i v a n R d . 
A u r o r a , IL 60506-1039 
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I M S A Y O U N G T A L E N T P U R S U I T - F A L L , 1 9 9 2 
1 /1 . Le t a, b , c, d b e p o s i t i v e n u m b e r s . P r o v e t h a t : 
/ a \ 5 /b \5 / c \ 5 / d \ 5 a b c d 
( b j + [ c J + ( d j + ( a J " b + c + d + a ' 
a n d s e e if y o u c a n f o r m u l a t e ( a n d v a l i d a t e ) a m o r e g e n e r a l r e s u l t . 
1 / 2 F i n d all t r i p l e s of i n t e g e r s (x, y , z ) for w h i c h : 
x
2
 + y 2 + z 2 + 2 x y + 2x(z - 1) + 2 y ( z + 1) 
is a pe r f ec t s q u a r e . 
1 / 3 . L e t m a n d n b e n o n - z e r o i n t e g e r s . P r o v e t h a t : 
( i 2 -, V / n ( i 2 ; V / n 
W m + 1 + m / + V"Vn\z + 1 - m / 
is n o t a r a t i o n a l n u m b e r . 
1 /4 . P o i n t C l ies o n a s e m i c i r c l e w i t h d i a m e t e r A B a n d D is t h e m i d p o i n t of t h e 
a r c A C . Le t M b e t h e p r o j e c t i o n of D o n t h e e x t e n s i o n of c o r d BC a n d N b e 
t h e i n t e r s e c t i o n of A M w i t h t h e s emic i r c l e . D e m o n s t r a t e t h a t B N p a s s e s 
t h r o u g h t h e m i d p o i n t of D M . 
1 / 5 . L e t A B C b e a n e q u i l a t e r a l t r i a n g l e w i t h s i d e s of l e n g t h 1. I n p l a n e (ABC) f ind 
t h e l o c u s of p o i n t s , P , s u c h tha t : 
2 P A . P B . P C 
m a x { P A , PB, P C } = — — — — — — — — • &> 
P A - P B + P B - P C + P C - P A - 1 
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A R M L C o m p e t i t i o n - C A A M T 
b y G e o r g e M i l a u s k a s a n d T i t u A n d r e e s c u 
Illinois Mathematics and Science Academy 
F o r t h e p a s t 14 y e a r s , Chicago Area All-star Math Teams h a v e b e e n f o r m e d t o 
c o m p e t e i n t h e a n n u a l American Regions Math League ( A R M L ) c o m p e t i t i o n . [Fo rmer ly , 
t h e Atlantic Regions Math League ] In t h e p a s t , A R M L h a s b e e n h o s t e d b y E a s t e r n 
u n i v e r s i t i e s s u c h as D u k e , P e n n S ta t e a n d R u t g e r s . T h e e v e n t s i n c l u d e Individual 
questions t a k e n b y e a c h m e m b e r of t h e t e a m , Team Questions w h i c h e a c h t e a m of 15 
s t u d e n t s w o r k o n t o g e t h e r , a Power Question s o l v e d t o g e t h e r b y t h e t e a m a n d w h o s e 
s o l u t i o n is w r i t t e n as a n e s s a y , a n d f inal ly Relay Questions, s o l v e d b y 5 g r o u p s of 3 
s t u d e n t s w h o m u s t e a c h s o l v e a q u e s t i o n a n d p a s s t h e a n s w e r t o t h e n e x t p e r s o n w h o 
m u s t u s e t h i s a n s w e r a s p a r t of t h e s o l u t i o n t o the i r o w n q u e s t i o n . 
E a c h y e a r , i n F e b r u a r y , t r y o u t s for t h e C h i c a g o A r e a T e a m a r e h e l d for a n y 
i n t e r e s t e d s t u d e n t s i n t h e e x t e n d e d C h i c a g o a r e a , e v e n as far a w a y as A n t i o c h , Joliet , 
a n d D e K a l b . I n t h e e a r l y y e a r s , a s i n g l e t e a m c o m p o s e d of t h e 15 t o p s t u d e n t s p l u s 3 
a l t e r n a t e s w a s c h o s e n t o a t t e n d s e v e r a l p r a c t i c e s e s s i o n s a n d t o p a r t i c i p a t e in t h e A R M L 
con tes t , h e l d in l a t e M a y o r t h e first w e e k in J u n e . For s e v e r a l y e a r s , t w o t e a m s w e r e 
c h o s e n , d e s i g n a t e d " C h i c a g o A " a n d " C h i c a g o B" c o m p r i s e d of a b o u t 32 s t u d e n t s . 
T h i s p a s t y e a r , d u e t o a s e c o n d c o n t e s t s i te b e i n g l o c a t e d i n n e a r b y I o w a , t h e 1992 
Chicago Area All-stars i n c l u d e d 4 t e a m s w i t h o v e r 60 s t u d e n t s c h o s e n f r o m a b o u t 180 
w h o t r i ed o u t o r w h o w e r e c h o s e n , a t l a rge , b y t h e coaches . T h e f inal p r e p a r a t i o n of t he 
4 t e a m s c o n s i s t e d of 4 t r a i n i n g se s s ions , h e l d a t M o t o r o l a , i n S c h a u m b u r g . In th i s i s sue 
w e p r e s e n t t h e t w o Power Questions u s e d in t h e s e p rac t i ce s . 
T h i s y e a r , t h e t r y o u t s for C A A M T wi l l b e h e l d e a r l y in 1993. T h e C o n t e s t d a t e is 
S a t u r d a y J u n e 5 , 1 9 9 3 . W e e n c o u r a g e a n y i n t e r e s t e d s t u d e n t s w i t h a d v a n c e d 
b a c k g r o u n d in m a t h e m a t i c s t o p a r t i c i p a t e in t h e t r y o u t s . W e a l so e n c o u r a g e t e a c h e r s 
i n t e r e s t e d i n c o a c h i n g o r h e l p i n g , t o g e t i n v o l v e d . N o p r e v i o u s e x p e r i e n c e is n e c e s s a r y . 
For m o r e i n f o r m a t i o n a b o u t t r y o u t s o r c o a c h i n g of th i s y e a r s t e a m , c o n t a c t J o s e p h 
Bet t ina a t A d l a i E. S t e v e n s o n H i g h Schoo l , 1 S t e v e n s o n D r i v e , L i n c o l n s h i r e , I l l inois , 
60069, (708) 634-4000 
If y o u a r e i n t e r e s t e d in f o r m i n g a t e a m f r o m a n o t h e r a r e a , c o n t a c t R i c h a r d R u k i n a t 
E v a n s t o n H i g h Schoo l , 1600 D o d g e Ave . , E v a n s t o n , IL 60204, (708) 492-5848. H e wi l l 
h e l p y o u g e t s t a r t e d a n d c a n s u p p l y s o m e s t a r t - u p m a t e r i a l s , fa 
r ^ l M S A 
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P o w e r Q u e s t i o n # 1 
b y T i tu A n d r e e s c u 
Illinois Mathematics and Science Academy 
Let f b e a func t i on w i t h t h e d o m a i n a n d r a n g e A , a n d g = f°f. 
I. P r o v e t ha t if g is o n e - t o - o n e , t h e n s o is f . 
II. Le t A = ZJ , w h e r e Z> is t h e in t ege r s ' se t . 
a) D e m o n s t r a t e t h a t if g(x) = x + n , w i t h n a f ixed i n t e g e r , t h e n 
f (x+n) = f(x) + n , for e v e r y x € Z>. 
b) U n d e r t h e s a m e h y p o t h e s i s , le t h(x) = f (x) - x. S h o w t h a t h i s p e r i o d i c . 
HI. Let f b e a func t ion s u c h t h a t (f°f)(x) = x + 2, for all i n t e g e r s x. Let f(0) = a a n d 
f ( l ) = b . Es tab l i sh tha t : 
1) f(2x) = 2x + a a n d f(2x + 1) = 2x + b , for e v e r y X e Z . 
2) a is o d d a n d a + b = 3. 
3) f(x) = x + 1 + ( - l ) x • 2 k , w h e r e k is s o m e in t ege r . 
IV. P r o v e t h a t t h e r e a r e n o func t ions , f, s u c h t h a t (f°f)(x) = x + 3, for all i n t e g e r s x. 
P o s s i b l e e x t e n s i o n : W h a t c a n t h e n u m b e r "3" in P a r t IV b e r e p l a c e d w i t h ? fa 
r ^ l M S A 
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P o w e r Q u e s t i o n # 2 
b y Ti tu A n d r e e s c u 
Illinois Mathematics and Science Academy 
Let K b e t h e a rea of t r i ang le XYZ. 
I. D e t e r m i n e t h e locus of po in t s , M , in p l a n e A B C , s u c h tha t K M A B = K M A C 
II. For w h a t p o i n t s , N , l y ing in th i s p l ane : 
K N A B ~ K N A C ' K N B C ? 
III. T r i a n g l e s PAB, PAC, PBC h a v e t he s a m e p e r i m e t e r a n d t h e s a m e area . 
P r o v e tha t : 
a) If P is in t h e in te r ior of t r i ang le A B C , t h e n A B C is equ i la te ra l . 
b) If P is n o t in t h e in te r ior of A B C , t h e n A B C is a r i gh t t r iangle . 
Poss ib le e x t e n s i o n s in t h e t h r e e - d i m e n s i o n a l space , fa 
H ^ I M S A 
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r ^ l M S A M i s s i o n 
J . he mission of the 
Illinois Mathematics and Science 
Academy, a community of scholars 
dedicated to intellectual exploration, 
is to develop leaders who know the 
joy of discovering and forging inter-
connections among mathematics, 
science, art and humanities, and 
who, by example and by instruc-
tion, inspire others to live in 
harmony with themselves, other 
human beings and the physical 
world. 
r ^ l M S A 
Illinois Mathematics and Science Academy 
1500 West Sullivan Road 
Aurora, Illinois 60506-1000 
(708)801-6000 
